In order to prove the assertion above it clearly suffices to consider only the free algebra on one generator and hence the polynomials in one variable over a field F. The fact that the sub-algebras of F [x] are all finitely generated is perhaps not surprising, but the author has not been able to discover any proof of it in the literature. (Incidentally, the corresponding statement with the field F replaced by the ring of integers is not true, for the ring of all integral polynomials with even coefficients is clearly not finitely generated.)
The proof, though quite simple, would seem to place the problem outside the category of elementary exercises since the solution, at least as presented here, uses some "theory," namely the ever useful facts about modules over principal ideal rings.
We shall prove a somewhat stronger result, namely
Theorem. Let Aj*F be a subalgebra of F[x] and let n be the degree of the polynomial of smallest positive degree in A. Then A can be generated by a set of not more than m + 1 elements.
Proof. We consider first the case F(ZA. Let p be a polynomial in A of degree n, and let F[p] denote the algebra generated by p and Brown University
